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Abstract
We examine the method of Cartesian product to construct cubature formulae on the unit sphere and obtain a kind of new Lobatto
formulae. Furthermore, by constraining nodes to lie on orthogonal polynomials, an alternative method of producing new cubature
formulae on the spherically symmetrical region is also presented. Finally, some new cubature formulae are derived.
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1. Introduction
Let n be the space of polynomials in n real variables, and let nd be the space of polynomials of degree at most d.
We are concerned with the approximation of integrals over the unit sphere
L(f ) =
∫
Sn
w(x1, . . . , xn)f (x1, . . . , xn) dx1 . . . dxn, Sn = {(x1, . . . , xn)|x21 + · · · + x2n1} (1)
by weighted sums of function values
C(f ) =
N∑
i=1
wif (x1,i , . . . , xn,i).
We are especially interested in cubature formulas of algebraic degree, i.e., approximations that are exact for all poly-
nomials of total degree at most d:
C(f ) =L(f ) ∀f ∈ nd .
Among various methods of constructing cubature formulae, the method of Cartesian product stands out with its sim-
plicity. Brieﬂy, the method for constructing product formulas is the method of separation of variables. If we can ﬁnd
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a (nonlinear) transform which transforms the monomial integral into the product of n single integrals and if suitable
formulas are known for these single integrals, then one can combine these formulas to give a formula. Usually, the
method of Cartesian product yields cubature formulae of degree 2M − 1 with Mn nodes, which is much more than
the theoretic lower bound for the nodes. We emphasize that one-to-one transform is not necessary. On the contrary,
if we take a transform properly which is not one to one, then we can get a cubature formulae containing the fewer
nodes, which has been used to construct cubature formulae for certain spherically symmetric regions (see [6,7]). For
spherically symmetric regions, spherical coordinates transform is simple and easy to be employed. The number of
points of a cubature formula of degree 2M − 1 is Mn − Mn−1 + 1 for an odd M since in this case Mn−1 of the points
coincide with the origin, and Mn for an even M. Furthermore, if the region is the unit sphere and the weight function
take the following form
w(x1, . . . , xn) = (x21 + · · · + x2n)/2 > − n (2)
then the number can be further reduced for the similar reason. In this instance, Stroud (see [6]) suggested to employ
Lobatto formulas of one variable to construct spherical product Lobatto formulas and for a spherical product Lobatto
formula of degree 2M − 1, the exact number, N0, of distinct points is as follows:
For M even and 2,
N0 = M[(M − 1)n−1 + (M − 1)n−2 + · · · + (M − 1) + 1]
=
{
M
M − 2 [(M − 1)
n − 1] for M > 2,
2n for M = 2.
For M odd and 3,
N0 = (M − 1)n + (M − 1)n−2 + · · · + (M − 1) + 1
= (M − 1)
n+1 − 1
M − 2 .
One of the purpose of this paper is to present an alternative transform to construct cubature formulae of unit sphere,
but the weight function takes the following type:
w(x1, x2, . . . , xn) = |x1|k1 |x2|k2 . . . |xn|kn . (3)
Again, the Lobatto formulae of one variable are employed and the number of the nodes can also be reduced.As compared
with spherical coordinates, if w(x1, . . . , xn) = 1, then the ﬁnal number of distinct points in the cubature formula of
degree 2M − 1 is fewer (more) than those in the spherical product formula for an even (odd) M. The transform is
very simple, but unfortunately, the authors cannot ﬁnd it to be applied to construct Lobatto cubature formulae in the
literature. Thus we give it in Section 2.
Moreover, for the weight function (2) and n=2, we present another algorithm in Section 3. The nodes of the cubature
formulae obtained by this method are constrained to lie on an orthogonal polynomial which can be seen as an extension
of the method in [4]. For any M, the cubature formula of degree 2M − 1 can be obtained by this algorithm. Some new
cubature formulae are presented. The paper is concluded in Section 4 with some general remarks.
2. The construction of Lobatto cubature formulas
To get a cubature of I (f ) we need to transform a monomial integral
∫
Sn
x
1
1 x
2
2 . . . x
n
n dx1 . . . dxn (4)
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so that it separates into the product of n single integrals. To do this we introduce the transformation T (t1, . . . , tn) =
(x1, . . . , xn) with
x1 = t1
√
1 − t22
√
1 − t23 . . .
√
1 − t2n ,
x2 = t2
√
1 − t23
√
1 − t24 . . .
√
1 − t2n ,
...
xn−1 = tn−1
√
1 − t2n ,
xn = tn. (5)
Thus, we use the n new variables t1, t2, . . . , tn. The Jacobian of transformation is
J = (1 − t2n)(n−1)/2(1 − t2n−1)(n−2)/2 . . . (1 − t22 )1/2
and therefore (4) transforms into the product of the following integrals:∫ 1
−1
(1 − t2i )(i−1)/2tii (1 − t2i )(1+···+i−1)/2 dti , i = 1, . . . , n,
where 1 + · · · + i−1 takes the value 0 if i = 1. Now, we discuss the one-variable formulas needed for these single
integrals. We assume these are to be Gauss formulas.
We note that if one or more of the i is an odd integer then the integral (4) is zero. Therefore, the product formula
will be exact for all polynomials of degree d if it satisﬁes the conditions
C1: The product formula is exact for (4) when all the i are even (1 + · · · + nd).
C2: The product formula gives zero for (4) when one or more of the i are odd.
Consider formulas of the form
∫ 1
−1
(1 − t2i )(i−1)/2f (ti) dti
M∑
k=1
Ai,kf (ti,k),
ti,k = −ti,M−k+1, Ai,k = Ai,M−k+1, k = 1, . . . ,M, i = 1, . . . , n. (6)
Theorem 1. If formula (6) is exact for all polynomials of degree d, then the product of these formulas satisﬁes
condition C1, C2.
Since formula (6) has symmetry, the proof is simple and omitted.
We can take formulas (6) to beGauss–Jacobi formulas. Stroud and Secrest [8] give tables of the points and coefﬁcients
in the formulas (6) for i = 1, 2, 3, 4 and various M. We can summarize the above results as follows:
Theorem 2. Let ti,k, Ai,k be the points and the coefﬁcients in the M-point Gauss formulas (6), i = 1, . . . , n. Then, in
Cartesian coordinates, points and coefﬁcients in a formula of degree 2M − 1 for Sn are given by
(vi,1, vi,2, . . . , vi,n), A1,i1 . . . An,in , i ≡ (i1, i2, . . . , in), 1 ikM, k = 1, . . . , n, (7)
vi,1 = t1,i1
√
1 − t22,i2
√
1 − t23,i3 · · ·
√
1 − t2n,in ,
vi,2 = t2,i2
√
1 − t23,i3
√
1 − t24,i4 · · ·
√
1 − t2n,in ,
...
vi,n−1 = tn−1,in−1
√
1 − t2n,in ,
vi,n = tn,in . (8)
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Obviously, the number of the points in formula (7) is Mn. It is easy to generalize formula (7) slightly and obtain a
formula of degree 2M − 1 for Sn with weight function
w(x1, x2, . . . , xn) = |x1|k1 |x2|k2 · · · |xn|kn .
The only difference is in place of (6) we must use formulas
∫ 1
−1
|ti |ki (1 − t2i )(i−1+k1+···+ki−1)/2f (ti) dti
M∑
i=1
Ai,kf (ti,k),
ti,k = −ti,M−k+1, Ai,k = Ai,M−k+1, k = 1, . . . ,M, i = 1, . . . , n. (9)
As done in [1], we can obtain a product formula of degree 2M − 1 which contains fewer points than Mn. To do this we
need to use, in place of formulas (6) (i = 2, . . . , n), formulas as follows:
∫ 1
−1
(1 − t2i )(i−1)/2f (ti) dti
M∑
i=0
Ai,kf (ti,k),
ti,k = −ti,M−k+1, Ai,k = Ai,M−k+1, k = 1, . . . ,M, i = 2, . . . , n,
ti,0 = −1, ti,M = 1. (10)
Analogous to the method used to construct (7), the only difference being that the subscripts ik now have the range
0 ikM, k = 1, . . . , n.
We have not found the number of points. We do this now. Let Ti = {ti,ik : k = 0, . . . ,M} where ti,ik is the quadrature
knot of formula (10) and
A= {(t1, . . . , tn)|ti ∈ Ti},
A1 = {(t1, . . . , tn)|tk ∈ Tk\{1,−1}, k = 2, . . . , n},
An = {(t1, . . . , tn)|tn ∈ {1,−1}, ti ∈ Ti, i = 1, . . . , n − 1},
Aj = {(t1, . . . , tn)|tk ∈ Tk\{1,−1}, tj ∈ {1,−1}, k = j + 1, . . . , n}, j = 2, . . . , n − 1.
ObviouslyA=⋃ni=1Ai and T (A) =⋃ni=1T (Ai ). By transformation (14), we get
T (Ai ) = {(0, . . . , 0,±
√
(1 − t2i+1) . . . (1 − t2n)︸ ︷︷ ︸
i
, . . . , tn)|
tj ∈ Tj\{−1, 1}, j = i + 1, . . . , n}, j = 2, . . . , n − 1,
T (An) = {(0, . . . , 0,±1)},
T (A1) =
{(√
(1 − t2i+1) . . . (1 − t2n), . . . , tn
)
|tj ∈ Tj\{−1, 1}, j = 1, . . . , n
}
and further deduce that T (A1) = M(M − 1)n−1 and |T (Ai )| = 2(M − 1)n−i , i = 2, . . . , n. Moreover, it is easy to
check that T (Ai ) ∩ T (Aj ) = ∅ if i = j . Hence
N = |T (A)| =
n∑
i=1
|T (Ai )| = M(M − 1)n−1 + 2
n∑
i=2
(M − 1)n−i
=
{
2
(M − 1)n−1 − 1
M − 2 + M(M − 1)
n−1, M3,
2n, M = 2.
Let us compare the number of points in spherical product Lobatto and the above formulas:
For M even,
N − N0 = −(M − 2)[(M − 1)n−2 + · · · + 1]0
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and for M odd,
N − N0 = (M − 1)n−2 + · · · + 10.
Thus, we can get a cubature formula of degree 2M −1 containing fewer points than sphere product Lobatto formula for
even M and more points for odd M. In particular, for n= 2, we can get a cubature of degree 2M − 1 with M2 −M + 2
points by the above formulae and M2 points by sphere product Lobatto formula for even M. Furthermore, for n = 2,
(−1, 0) and (1, 0) can be used repeatedly.
For small M the above formulas are useful for its simplicity and high exactness. Obviously, the number of points
in the formula obtained above is not the minimum and even much more than those of other choice for big M. In the
following section, by selecting nodes to lie on some special orthogonal polynomials, we provide an alternative method
to construct cubature formula for the same region which can be seen as an extension of the method in [4].
3. Constraining nodes to lie on orthogonal polynomials
In [4], Morrow and Patterson presented a method to construct cubature formula. From a given cubature formula of
degree d with respect to integration
∫
D
w(x, y)Q(x, y)f (x, y) dx dy, they obtained a cubature of degree d + 1 with
respect to
∫
D
w(x, y)f (x, y) dx dy, where Q(x, y) is a polynomial of degree 1. By induction, a cubature problem of
two variables is reduced to dealing with a series of one-dimensional moment problems. In [2], the authors made a
generalization to degQ(x, y)2. Instead of presenting a general result, we only restate it under the special conditions.
Theorem 3 (Meng and Luo [2]). Let
∫ ∫
D
w(x, y)Q(x, y)f (x, y) dx dy
N∑
i=1
Aif (xi, yi) (11)
represent a cubature of degree d, where D is a spherically symmetrical region and Q(x, y) = x2 + y2 − r2 where r is
a real number. If cubature (11) satisﬁes
N∑
i=1
Aif (xi, yi) = 0 ∀f (x, y) = −f (−x, y)
then there exists a cubature
∫ ∫
D
w(x, y)f (x, y) dx dy
N∑
i=1
Ai
Q(xi, yi)
f (xi, yi) +
M∑
j=1
Bj (f (uj , vj ) + f (−uj , vj ))
of degree d + 2, where Q(uj , vj ) = 0, j = 1, . . . ,M . uj may be selected so that in the absence of degeneracy
M = [(d + 3)/2].
Let there be an orthogonal polynomial P2d of degree 2d for the region D and weight w(x, y) which is factorisable
as
P2d(x, y) =
d∏
i=1
Qi(x, y), (12)
with Qi(x, y) = x2 + y2 − r2i . A factorisation of this type is available for spherically symmetrical regions, to which
we shall be restricting our attention. Under the special cases, if we can select P2d properly, then the cubature can be
constructed by successively adding nodes constrained to lie on the quadric curve Qi using Theorem 3. The starting
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point for the construction is a cubature for the integral∫ ∫
D
w(x, y)P2d(x, y)g(x, y) dx dy.
The value of this integral is zero when g(x, y) is a polynomial of degree 2d − 1 as a consequence of orthogonality
and hence the initial cubature can be taken to be of degree 2d − 1 using zero nodes. Successive application of Theorem
3 for r = 2, 3, . . . , d + 1 yields cubatures of degree 2d + 2r − 3 with respect to the weight
w(x, y)
d∏
i=r
Qi(x, y),
where the product is taken to have the value 1 for r = d + 1.
The cubature of degree 4d − 1 takes the overall form
∫ ∫
D
w(x, y)f (x, y) dx dy =
d∑
k=1
N(k)∑
j=1
Wj,k(f (xk, yk) + f (−xk, yk))
with
N(k) = d + k
corresponding to the number of nodes on the quadric curve Qk(x, y).
Theorem 3 indicates that in the absence of degeneracy the number of nodes used in the ﬁnal cubature of degree
4d − 1 can be
N =
d∑
k=1
2N(k) = 3d2 + d .
In what follows, we will consider certain spherically symmetrical regions, and take the following functional
L(f ) =
∫ ∫
S2
f (x, y) dx dy with S2 = {(x, y)|x2 + y21} (13)
as an example to illustrate. The other spherically symmetrical regions can be proceeded similarly. Firstly, we will prove
that there exists an orthogonal polynomial of degree 2d factorisable as (12).
Theorem 4. Let P2d(r) is an orthogonal polynomial of degree 2d with respect to the integral functionalL deﬁned by
L(f ) =
∫ 1
−1
|r|f (r) dr ,
then P2d(
√
x2 + y2) is an orthogonal polynomial of degree 2d with respect toL. Similarly, if P2d+1(r) = rP ′2d(r)
is an orthogonal polynomial of degree 2n with respect to the integral functional L, then xP ′2d(
√
x2 + y2) and
yP ′2d(
√
x2 + y2) are also orthogonal polynomials of degree 2d + 1 with respect toL.
Proof. From the symmetry of the integral we can see P(r)=P(−r), which implies that P(√x2 + y2) is a polynomial
of degree 2d. By the transformation between rectangular Cartesian and spherical coordinates
x = r cos , y = r sin , J = r
we have∫ ∫
S2
f (x, y) dx dy =
∫ 1
−1
∫ /2
−/2
|r|f (r cos , r sin ) dr d. (14)
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Let q(x, y) is a polynomial of degree 2d − 1, then the degree in r of q(r cos , r sin ) is also 2d − 1. Thus∫ ∫
S2
P2d
(√
x2 + y2
)
q(x, y) dx dy =
∫ 1
−1
∫ /2
−/2
|r|P2d(r)q(r cos , r sin ) dr d= 0
which implies that P2d(
√
x2 + y2) is an orthogonal polynomial of degree 2d with respect toL. The second part can
be proved similarly and omitted. The proof is completed. 
Let 0<r1 <r2 < · · ·<rd < 1 be the positive roots of P2d(r) = 0, then
P2d(x, y) =
d∏
i=1
(x2 + y2 − r2i ) :=
d∏
i=1
Qi(x, y)
follows from the above theorem. Now we give a general process of constructing the cubature.
Step 1. Deﬁne
L1(f ) =
∫ ∫
S2
d∏
i=2
Qi(x, y)f (x, y) dx dy.
It is easy to check thatL1(f ) = 0 for all f ∈ 〈Q1〉 ∩22d+1 andL1 satisﬁes the condition of Theorem 3. Hence, we
can get a cubature as follows:
L12d+1(f ) =
N(1)∑
i=1
A1,i (f (x1,i , y1,i ) + f (−x1,i , y1,i ))
which is exact for all f ∈ 22d+1. It is also a cubature formula of degree 2d + 1 with respect to the following integral∫ ∫
S2
d∏
i=2
Qi(x, y)f (x, y) dx dy.
Let
W 11,i = A1,i , i = 1, . . . , N(1).
Step h. After the previous h − 1 steps, we have got the following formula:
Lh−12d+2h−3(f ) =
h−1∑
k=1
d+k∑
i=1
Wh−1k,i (f (xk,i , yk,i) + f (−xk,i , yk,i))
which is a cubature of degree 2d + 2(h − 1) − 1 with respect to integral∫ ∫
S2
d∏
i=h
Qi(x, y)f (x, y) dx dy.
Deﬁne
Lh(f ) =
∫ ∫
S2
d∏
i=h+1
Qi(x, y)f (x, y) dx dy −
h−1∑
k=1
N(k)∑
i=1
Wh−1k,i
Qh(xk,i , yk,i)
(f (xk,i , yk,i) + f (−xk,i , yk,i))
thenLh also satisﬁes the condition of Theorem 3. Using Theorem 3, we get a cubature
Lh2d+2h−1(f ) =
N(h)∑
i=1
Ah,i(f (xh,i , yh,i) + f (−xh,i , yh,i))
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Table 1
Generators of symmetric 4-point cubature of degree 3 for the unit disk [6]
±xi ±yi wi
0.50000000000000 0.50000000000000 0.78539816339745
Table 2
Generators of symmetric 7-point cubature of degree 5 for the unit disk [6]
±xi ±yi wi
0.00000000000000 0.00000000000000 0.78539816339745
0.81649658092773 0.00000000000000 0.39269908169872
0.40824829046386 0.70710678118655 0.39269908169872
which is exact for all f ∈ 2d+2h+1. Hence
h−1∑
k=1
N(k)∑
i=1
Wh−1k,i
Qh(xk,i , yk,i)
(f (xk,i , yk,i) + f (−xk,i , yk,i)) +Lh2d+2h−1(f )
is a cubature of degree 2d + 2h − 1 with respect to the following integral:
∫ ∫
S2
d∏
i=h+1
Qi(x, y)f (x, y) dx dy.
Let
Whk,i =
Wh−1k,i
Qh(xk,i , yk,i)
and Whh,i = Ah,i ∀k <h.
The above process will be terminated when h = d and the ﬁnal cubature formula
∫ ∫
S2
f (x, y) =
d∑
k=1
N(k)∑
i=1
Wdk,i(f (xk,i , yk,i) + f (−xk,i , yk,i)) (15)
which is exact for f ∈ 24d−1 will be obtained.
For the second case of Theorem 4, we only need to notice that there exists a cubature
L
(
P ′2d
(√
(x2 + y2)
)
f (x, y)
)
= Af (0, 0)
of degree 2d + 1 and then take the same process as above. In this case, we will obtain a cubature of degree 4d + 1 with
3d2 + 3d + 1 points in the absence of degeneracy.
Tables 1–8 give, respectively, rules of different degree using the above method to (13). Table 9 presents a cubature
of degree 17 of 61 points with respect to the integral functional∫ ∞
−∞
∫ ∞
−∞
exp(−x2 − y2)f (x, y) dx dy.
As far as we know, this formula has the fewest nodes among the existed formulas of the same degree. In the following
tables, (xi, yi) denotes the nodes of the cubature formulae and wi denotes the corresponding weight.
In [6], xi = yi =
√
1
2 and wi = /4, but it is easy to check that it is not correct.
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Table 3
Generators of symmetric 14-point cubature of degree 7 for the unit disk
±xi ±yi wi
0.22985042169050 0.39811260850906 0.26179938779915
0.45970084338098 0.00000000000000 0.26179938779915
0.33703975180642 0.82163211980611 0.19501407677793
0.81932059025905 0.34262064294548 0.19768500492079
Table 4
Generators of symmetric 19-point cubature of degree 9 for the unit disk
±xi ±yi wi
0.00000000000000 0.00000000000000 0.34906585039887
0.22802635567696 0.55050432045386 0.20125271332781
0.55050432045386 0.22802635567697 0.20125271332781
0.27959387377058 0.87565760433418 0.11661039976673
0.73930517186176 0.54623880962155 0.11891162535334
0.91921106078980 0.00000000000000 0.12020849804409
Table 5
Generators of symmetric 30-point cubature of degree 11 for the unit disk
±xi ±yi wi
0.12847091799048 0.31015623258278 0.10908307824965
0.31015623258288 0.12847091799023 0.10908307824965
0.21825250754568 0.67258147681156 0.13948043950767
0.57180635899884 0.41597774917474 0.13968230996014
0.70710678118655 0.00000000000000 0.13980620186210
0.23655119019746 0.91177950680902 0.07075156570176
0.65590282776745 0.67608417756031 0.07284300646890
0.90808090973540 0.25037451147207 0.07457158432863
Table 6
Generators of symmetric 37-point cubature of degree 13 for the unit disk
±xi ±yi wi
0.00000000000000 0.00000000000000 0.19634954084936
0.46080422984078 0.00000000000000 0.10330948998241
0.14239633810068 0.43825086552643 0.10330948998241
0.37279845302107 0.27085393049437 0.10330948998241
0.19820177383648 0.74246157638449 0.10130196428837
0.54237877749285 0.54438809436341 0.10163159176824
0.74209383687325 0.19957422888241 0.10195288141571
0.20435671727372 0.93255046651235 0.04772103677723
0.58135727768706 0.75725541012764 0.04919131994151
0.85428875985589 0.42614874782308 0.05064404906285
0.95467902484934 0.00000000000000 0.05118841995037
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Table 7
Generators of symmetric 52-point cubature of degree 15 for the unit disk
±xi ±yi wi
0.26349922998554 0.00000000000000 0.05464091129997
0.08142573996847 0.25060265974957 0.05464091129997
0.21317535496663 0.15488096150859 0.05464091129997
0.14865659379572 0.55489701326339 0.08535187281584
0.40617004422892 0.40624545951758 0.08536560703414
0.55488321130685 0.14870810340184 0.08537932359881
0.18047783326862 0.79838479036808 0.07254080017264
0.50739130020565 0.64229634147179 0.07303155482639
0.73617733529664 0.35781762503817 0.07360272502709
0.81852948743000 0.00000000000000 0.07384344684536
0.17885299875228 0.94793447064359 0.03255139877430
0.51771758964946 0.81396354535359 0.03364947668306
0.79062758601644 0.55269899224337 0.03485759424523
0.94452004763159 0.19608680582601 0.03554380854735
Table 8
Generators of symmetric 61-point cubature of degree 17 for the unit disk
±xi ±yi wi
0.00000000000000 0.00000000000000 0.12566370614359
0.09675812994165 0.36110625670843 0.05840846471928
0.26434812694957 0.26434812676097 0.05840846471928
0.36110625674316 0.09675812981205 0.05840846471928
0.14347639334166 0.62914552544285 0.06992018223251
0.40212812179518 0.50468063296759 0.06996062112205
0.58130075071609 0.28017673859189 0.07001072267677
0.64529804558133 0.00000000000000 0.07003290482486
0.16359877475730 0.83450130452851 0.05451221994169
0.46782321680688 0.71013972158889 0.05497050073244
0.70405774447146 0.47692733074510 0.05555796700074
0.83361584135279 0.16805241863048 0.05593580988433
0.15912091676987 0.95790205017621 0.02373604417773
0.46530163489622 0.85228527644703 0.02450554997213
0.72779904913934 0.64280972920247 0.02542637441947
0.90714987061331 0.34637395417630 0.02606318434828
0.97102821992230 0.00000000000000 0.02628242756629
Remark 1. Since (xk,i , yk,i) is a point of quadric curve Qk(x, y), we have
Qh(xk,i , yk,i) = r2k − r2h
and
Lh(f ) =
∫ ∫
B2
n∏
i=h+1
Qi(x, y)f (x, y) dx dy −
h−1∑
k=1
N(k)∑
i=1
Wh−1k,i
Qh(xk,i , yk,i)
(f (xk,i , yk,i) + f (−xk,i , yk,i))
=
∫ ∫
B2
n∏
i=h+1
Qi(x, y)f (x, y) dx dy − 1
r2k − r2h
Lh−12n+2r−3(f ). (16)
We claim that not all the moments ofLh need to be recomputed. By induction and (16), we have
Whk,i =
Ak,i∏h
j=k+1(r2k − r2j )
, k = 1, . . . , n, h = k, . . . , n.
Z. Luo, Z. Meng / Journal of Computational and Applied Mathematics 202 (2007) 511–522 521
Table 9
Generators of symmetric 61-point cubature of degree 17 for the unit disk
±xi ±yi wi
0.00000000000000 0.00000000000000 0.62831853071796
0.22313923447538 0.83276696021106 0.15739501981117
0.60962772574453 0.60962772573512 0.15739501981117
0.83276696021278 0.22313923446896 0.15739501981117
0.35648911914249 1.56350584123606 0.04163923078518
0.99921385294824 1.25427536200095 0.04166872260747
1.44454064039602 0.69637442937729 0.04170520866795
1.60363181798263 0.00000000000000 0.04172134401374
0.45703259734803 2.34995743719975 0.00248954249688
1.31014474018574 2.00367150787068 0.00252313408619
1.97776433468844 1.34893550183970 0.00256386275246
2.34618078213053 0.47604042816812 0.00258875098551
0.45304937170440 3.27851194591105 1.709615741554363(e − 5)
1.44579291938731 2.97717603559694 2.053886363962915(e − 5)
2.39757845514132 2.28155908626652 2.222665327035189(e − 5)
3.06875713971016 1.23960636097153 2.292272152266965(e − 5)
3.30966679783376 0.00000000000000 2.312500019706606(e − 5)
In our process of constructing cubature, we order ri in an ascending order. In fact, other order also leads to a cubature,
but the result will be different.
Remark 2. Note that everyLh is symmetry, that is,
Lh(f (x, y)) = 0 if f (x, y) = −f (−x, y) or f (x, y) = −f (x,−y),
so we can also take the method of invariant theory to construct its cubature formula. For the more knowledge of invariant
theory, we can refer to [1] and the reference therein.
Remark 3. The above method is also valid for the cubatures of degree 2d −1 for the square [−1, 1]2 with w(x, y)=1
which is discussed in [4]. Let
x1,−x1, x2,−x2, . . . , xd,−xd
are the zeros of the Legendre polynomial P2d(x), where
x1 <x2 < · · ·<xd .
Let Qr(x) = (x − xr)(x + xr), then P2d(x) =∏dr=1Qr(x). Thus, we can construct cubature formulas as the above
process. To construct a cubature of degree 4d − 1 one needs d steps by the above method, but by the method of [4] one
needs 2d steps. Furthermore, in every step, the computational cost is almost the same, hence one can reduce one half
of the total computational effort by the above method.
According to [5] a good quadrature or cubature formula has all knots inside the region and all weights positive.
Obviously, all the above formulae satisfy the two conditions. Furthermore, since the original cubature problem is
reduced to a series of one-dimensionalmoment problems and one can takemanymethods to dealwith it, the construction
of cubature formulae become easy and ﬂexible. From the above discussion, we can see that the number of the distinct
points is close to the minimum.
Instead of employing orthogonal polynomial in the above process, if we employ quasi-orthogonal polynomial, we
can get other interesting formulae. For example, we can take
P2d(x, y) = (x2 + y2 − 1)
d∏
i=1
(x2 + y2 − r2i )
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which satisﬁes∫ ∫
S2
P2d(x, y)q(x, y) dx dy = 0 ∀ q(x, y) ∈ 22d−1.
It is easy to show that this kind of quasi-orthogonal polynomial must exist. If we constrain the nodes to lie on quasi-
orthogonal polynomial, we can get a cubature with boundary value. This kind of formula is very useful because usually
boundary value can be obtained more easily and even vanish. The number of the nodes of this kind of formula is greater
than the minimum. But if the integrand vanishes in the boundary of the disk, then the cost of the computation is greatly
reduced. The following example presents a cubature formula of degree 3 of this kind:∫ ∫
S2
f (x, y) dx dy = 
4
f (0, 0) + 3
16
(f (1, 0) + f (−1, 0) + f (0, 1) + f (0,−1)) ∀ deg(f )3. (17)
4. Concluding remarks
The development of efﬁcient multiple integration formulas of prescribed degree is far from complete despite the
considerable attention which has been devoted to it. In the website proposed in [4], Cools provides a fairly complete
collection of known results and some corresponding literatures. It seems that rules which achieve a prescribed algebraic
degree using a minimum number of integrand evaluations are of particular interest. In [3], Möller presented a theoretical
lower bound. To obtain a cubature with fewest nodes, one must take different measures to deal with different cases,
even on the same region. But generally, minimum point rules do not always exist or it is difﬁcult to construct it even
if it does exist. Moreover in most cases, the weights need additional computation, which is also not easy to deal with.
Hence it is necessary to construct rules which is easy to construct and use more nodes than the theoretical lower bound.
A method to construct cubature over the n-sphere is considered in this paper. For lower degree, it is convenient to take
this kind of cubatures for the number of nodes is close to the lower bound. This method can be seen as an extension of
Stroud [6], but for the same weight function, the number of the distinct nodes can be reduced for the cubature formulae
of degree 2M − 1 and even M.
An alternative procedure for calculating integrals is also suggested. This procedure is described for n= 2 and can be
extended to the case of higher dimension in theory. But whether the method is efﬁcient in higher dimension remains
an open problem. For lower degree, the number of nodes is close or equal to the theoretical lower bound. Although
the gap become larger and larger for high degree, it is close or equal to the minimum number of existed cubatures. It
is clear all the nodes lie inside the region. Practice also shows that all the corresponding weights are positive, but the
theoretical proof remains unknown. This method can be seen as an extension of [4], but for the symmetrical product
regions, the cost of the computation of our method can be reduced one half.
Both themethods arewell suited to constructing cubature formulae ofn-sphere: any degree formulae can be computed
automatically and quickly.
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